Abstract: Let M X,w (R) denote the algebra of the Fourier multipliers on a separable weighted Banach function space X(R, w). We prove that if the Cauchy singular integral operator S is bounded on X(R, w), then M X,w (R) is continuously embedded into L ∞ (R). An important consequence of the continuous embedding M X,w (R) ⊂ L ∞ (R) is that M X,w (R) is a Banach algebra.
Introduction
For a Banach space X, let L(X) denote the Banach algebra of all bounded linear operators acting on X. .
It is well known that M L , (R) is isometric to L ∞ (R) (see, e.g., [12, Proposition 2.3] , [14, Theorem 2.5.10]) and
for all < p < ∞ (see, e.g., [12, Proposition 2.4] , [14, formula (2.5.16)]). Moreover, the latter embedding holds also in the multidimensional case of L p (R n ). As a consequence of (1.1), one can prove that M L p , (R) is a Banach algebra (see, e.g., [14, Proposition 2.5.13] and also [6, Section 2.5(g)], where a discrete version is considered). A measurable function w : R → [ , ∞] is referred to as a weight if < w(x) < ∞ a.e. on R. Fix < p < ∞ and de ne the Lebesgue space L p (R, w) with a weight w as the set of all measurable functions f : R → C such that fw ∈ L p (R). Then the norm of f ∈ L p (R, w) is given by
Assume that the weight w satis es the Muckenhoupt condition Ap(R), that is,
where /p + /p ′ = , I ranges over all bounded intervals I ⊂ R, and |I| is the length of I. We would like to alert the reader that the normalization we are using in this paper on the weights di ers from the usual one in Harmonic Analysis (see, e.g., [3] , [14, Chap. 7] 
The algebra M L p ,w (R) of the Fourier multipliers on L p (R, w) is de ned in the same way as in the non-
For general (non-symmetric) weights w ∈ Ap(R), the continuous embedding 
, for all constants a ≥ , and for all measurable subsets E of S, the following properties hold:
with C E ∈ ( , ∞) which may depend on E and ρ but is independent of f . When functions di ering only on a set of measure zero are identi ed, the set X(S) of all functions f ∈ M(S) for which ρ(|f |) < ∞ is called a Banach function space. For each f ∈ X(S), the norm of f is de ned by
Under the natural linear space operations and under this norm, the set X(S) becomes a Banach space (see [1, Chap. 1, Theorems 1.4 and 1.6]). If ρ is a Banach function norm, its associate norm ρ ′ is de ned on M + (S) by
It Further, let w : R → [ , ∞] be a weight and de ne the weighted Banach function space X(R, w) as the set of all complex-valued measurable functions f on R such that fw ∈ R. This is a linear normed space when equipped with the norm
We say that f ∈ X loc (R) if fχ E ∈ X(R) for any measurable set E ⊂ R of nite measure. If w ∈ X loc (R) and /w ∈ X where the supremum is taken over all bounded intervals I ⊂ R. In the latter case we write w ∈ A X (R). It is clear that (1.5) is a straightforward generalization of the Muckenhoupt condition (
′ loc (R), then X(R, w) is a Banach function space itself [18, Lemma 2.4]. If, in addition, X(R) is separable, then the set of all bounded compactly supported functions is dense in X(R, w) [18, Lemma 2.12(a)], which implies that L (R) ∩ X(R, w) is dense in X(R, w). If X(R) is a
The class A X (R) was de ned by Berezhnoi [2] and then used, e.g., in [7, 9, 17, 18] .
Finally, note that there is also an alternative approach to de ne weighted Banach function spaces: one can treat w(x) dx as a measure and de ne the weighted space X(R, w) with respect to this measure. In the case of rearrangement-invariant spaces, the latter approach was used in [10] . By analogy with the case of weighted Lebesgue spaces, a function a ∈ L ∞ (R) is called a Fourier multiplier .
Our main results are the following theorem and its corollary.
Theorem 1. Let X(R) be a separable Banach function space and w : R → [ , ∞] be a weight such that the Cauchy singular integral operator S is bounded on the weighted Banach function space X(R, w). Then
for all a ∈ M X,w (R), where the constant C X,w is de ned by (1.5).
Corollary 1. Under the assumptions of Theorem 1, M X,w (R) is a Banach algebra under pointwise operations and the norm · MX,w(R) .
The paper is organized as follows. In Section 2, we prove Theorem 1 and Corollary 1. In Section 3, we consider two particular cases, for which su cient conditions of the boundedness of the Cauchy singular integral operator S on the space X(R, w) are known. 
On the other hand, by the A X (R)-condition (see (1.5)), Since the operator S is bounded on X(R, w), we have
and, consequently,
Since a I ∈ L (R), equality (1.4) holds for almost all t ∈ R. Fix an arbitrary t ∈ I for which (1.4) holds. Then, given an ε > , there exists τ > such that
Hence, in view of the Fubini theorem, we have
If |x| ≤ τ − τ , then x + τ ≥ τ and −x + τ ≥ τ . Consequently, we infer from (2.5) and (2.6) that = a I MX,w(R) wχ (−τ,τ) X(R) + ε wψτ X(R) .
Since the weight w is positive almost everywhere, we deduce from Axiom (A1) that wψτ X(R) > . Dividing the last inequality by wψτ X(R) and taking into account the de nition of ψτ, we obtain
By the hypothesis, the Cauchy singular integral operator S is bounded on X(R, w). Then in view of [18, Theorem 3.9], w ∈ A X (R). Therefore, from Lemma 1 we conclude that
. (2.8) From (2.4), (2.7), and (2.8) we deduce that
for all τ > τ and an arbitrarily given ε > . Passing to the limit in the above inequality as τ → +∞, we get
Letting ε → in this inequality, we nd that
for almost all t ∈ I. Since I is an arbitrary nite interval, the desired conclusion is now evident.
. Proof of Corollary 1
The proof is analogous to that of [14, Proposition 2.5.13]. Let C ∞ (R) denote the set of all in nitely di erentiable and compactly supported functions. We have only to show that the algebra M X,w (R) is complete. Let {an} m∈N be a Cauchy sequence in the algebra M X,w (R). Then {W (an)} n∈N is a Cauchy sequence in the space L(X (R, w) ). By virtue of Theorem 1, {an} n∈N is a Cauchy sequence in the space L ∞ (R), consequently, there is 
Since X(R) is separable, the set C ∞ (R) is dense in the weighted Banach function space X(R, w) in view of [18, Lemma 2.12(a)]. From this observation and (2.10) it follows that W (a) ∈ L(X(R, w)), whence a ∈ M X,w (R). The above argument shows that if an ∈ M X,w (R) and an − a L ∞ (R) → , then a ∈ M X,w (R) and
Fix k ∈ N and apply inequality (2.11) to a k − a in place of a and a k − an in place of an. We obtain
Given ε > , there exists an N ∈ N such that for all k, n > N we have a k − an MX,w(R) < ε because {an} n∈N is a Cauchy sequence in M X,w (R). Therefore, from (2.12) we deduce that
Two interesting particular cases For each t > , let E t denote the dilation operator de ned on M(R+) by
With X(R) and X(R+) as above, let h X (t) denote the operator norm of E /t as an operator on X(R+ for all x, y ∈ R. Further, α is said to satisfy the log-Hölder decay condition if there exist α∞ ∈ R and a constant c > such that |α(x) − α∞| ≤ c log(e + |x|)
for all x ∈ R. One says that α is globally log-Hölder continuous on R if it is locally log-Hölder continuous and satis es the log-Hölder decay condition. The set of all globally log-Hölder continuous functions is denoted by LH(R). 
